We report on a terahertz spectrometer for high-resolution molecular spectroscopy based on a quantum-cascade laser. High-frequency modulation (up to 50 MHz) of the laser driving current produces a simultaneous modulation of the frequency and amplitude of the laser output. The modulation generates sidebands, which are symmetrically positioned with respect to the laser carrier frequency. The molecular transition is probed by scanning the sidebands across it. In this way, the absorption and the dispersion caused by the molecular transition are measured. The signals are modeled by taking into account the simultaneous modulation of the frequency and amplitude of the laser emission. This allows for the determination of the strength of the frequency as well as amplitude modulation of the laser and of molecular parameters such as pressure broadening.
Introduction
Laser-based spectroscopy for the detection and monitoring of trace gases is established for many regions of the electromagnetic spectrum with applications in biochemical, environmental, astronomical, industrial, and security sensing [1] [2] [3] [4] [5] . In particular for infrared wavelengths, a number of different spectroscopic techniques for high-resolution molecular spectroscopy have been developed, since this is the region where many molecules have characteristic spectra.
Wavelength and frequency modulation techniques are frequently used for improving the detection sensitivity in laser absorption spectrometers [6] [7] [8] . In both cases, the frequency of the laser is modulated by some means, for example by using an external acousto-optical modulator or by modulating the driving current of the laser. The laser radiation is detected with the modulation frequency as a reference, for example with a lock-in amplifier (LIA) or a heterodyne detector. In infrared spectroscopy, the term wavelength modulation is used when the modulation frequency is smaller than the width of the investigated molecular absorption line. When the modulation frequency is larger than the line width, the technique is called frequency modulation (FM), which was first introduced in 1980 by G. Bjorklund [6] . Both techniques are two limiting cases of the same general approach. The advantage of FM is that limitations by low-frequency noise of the laser can be overcome if the modulation frequency is sufficiently large. At infrared and visible wavelengths, detector-limited sensitivities as low as 10 −7 −10 −10 have been demonstrated with FM spectroscopy and lead-salt or GaAlAs diode lasers [3, 9] . More recently, the technique was extended to an infrared quantum-cascade laser (QCL) [10] .
High-resolution terahertz (THz) spectroscopy is a powerful tool, not only for research, but also for trace gas sensing, environmental monitoring, and security. At THz frequencies, QCLs are promising sources for high-resolution, high-sensitivity spectroscopy [11] . These lasers are powerful as well as frequency tunable, and they exhibit a narrow line width [12] . Highresolution molecular spectroscopy has been demonstrated using a distributed feedback (DFB) THz QCL [13] . Frequency tunability of a few GHz was accomplished by varying the current and the temperature of the QCL. The limited frequency coverage of DFB QCLs can be overcome by using a multimode laser and by imaging the modes onto a microbolometer camera [14] . The baseline slope, which appears in direct absorption spectroscopy due to the non-linear light-current dependence of the QCL, can be eliminated either by appropriate modulation techniques or by a differential technique with a reference detector [15] . All of these approaches have in common that they use either direct detection of the QCL radiation or wavelength modulation.
In this article, we describe a THz absorption spectrometer for high-resolution molecular spectroscopy employing FM. The spectrometer is based on a QCL and a Schottky diode as the detector. The modulation parameters, which are characteristic of the QCL, are determined, and initial molecular spectroscopy results are presented.
Theoretical background
A straightforward experimental setup for implementing FM spectroscopy consists of a laser, an absorption cell, a detector, and a LIA. The radiation from the laser passes through the cell, which contains the molecule of interest, and then impinges on a fast detector. By modulating the laser frequency, standard lock-in techniques allow for the detection of the signal at the modulation frequency. Molecular absorption lines at THz frequencies are typically a few MHz wide if Doppler broadening prevails, while pressure broadening dominates at moderate pressures of a few hPa with line widths of a few tens of MHz. Therefore, FM spectroscopy requires modulation frequencies of several 10 MHz, and the detector as well as the LIA have to be able to comply with these frequencies.
FM can be realized with a THz QCL by modulating its driving current. However, the current modulation causes not only FM, but also amplitude modulation (AM) of the laser emission. In this case, the electric field is described by [16, 17] 
where E 0 and ω 0 denote the laser field and carrier frequency, ω m the modulation frequency, M the AM index, β the FM index, and Ψ the phase difference between AM and FM. If M and β are small, the laser field consists of a strong carrier at a frequency ω 0 and two weak sidebands at ω ± 1 = ω 0 ± ω m . Provided that the absorption loss and phase shift caused by the molecule in the absorption cell are small, the combination of FM and AM yields the following expression for the laser intensity impinging on the detector [8, 16, 17] :
where δ 0 and δ ± 1 describe the amplitude attenuation and Φ 0 and Φ ± 1 describe the phase shifts at the frequencies ω 0 and ω ± 1 , respectively. The signal consists of an in-phase component (~cos ω m t) and a quadrature component (~sin ω m t) which can be detected by the LIA. By adjusting the phase at the LIA properly, one or more of the four time-varying terms in Eq. (2) can be selected. For example if Ψ = 0 or π/2, pure absorption and phase signals can be extracted, while in the general case of Ψ ≠ 0 or π/2 the recorded signal will contain contributions from absorption loss and phase shift. Figure 1 shows the calculated in-phase and quadrature signals obtained at the output of the LIA for pure FM and pure AM. They were calculated for a modulation frequency of 50 MHz and an absorption profile, which is described by a Lorentz function with a full width at half maximum (FWHM) of 14 MHz. In the case of pure FM, the in-phase signal of the LIA has two absorption features with opposite sign, odd symmetry, and zero background as shown Fig. 1(a) . By increasing the laser frequency, first the upper FM sideband probes the absorption line, which leads to a positive signal. At a separation of 2ω m = 100 MHz the lower sideband probes the absorption line, and a negative signal appears. The shape of both signals resembles the shape of the absorption line. The quadrature signal shown in Fig. 1(b) has a dispersion-like shape with three overlapping components, which belong to both sidebands and the carrier frequency. Again, the symmetry is odd, and the baseline is zero. The AM line shapes are significantly different. The in-phase signal shown in Fig. 1(c) contains three absorption signals on a positive background. Two of them at ± 50 MHz are generated by the sidebands, while the center one is due to the carrier. The quadrature signal shown in Fig. 1(d) contains two overlapping curves, which occur when the upper sideband and then the lower sideband are swept through the resonance. 
Experimental setup
The setup of the spectrometer is shown in Fig. 2 . The active region of the QCL is based on a hybrid design, which uses an intersubband transition resonant to the longitudinal optical phonon for efficient carrier injection. The laser emits at 3.1 THz and has a 1.16 mm long Fabry-Pérot cavity and a single-plasmon waveguide. Both facets of the cavity are uncoated.
The QCL was fixed with indium onto a gold-plated copper submount and attached to another copper holder, which in turn was mounted the cold finger of a compact, air-cooled Stirling cooler (Ricor model K535) [18] . The QCL, copper mount, and the cold finger were encapsulated in a vacuum housing. The output window for the QCL radiation is made from high-density polyethylene (HDPE) and is tilted with respect to the optical axis in order to avoid standing waves and to minimize Fabry-Pérot type etalon effects in the setup and back reflections into the laser. The vacuum housing around the window was covered with Eccosorb TM in order to minimize standing waves and undesired reflections. The driving current for the QCL was supplied by a commercially available current source (ILX model LDX-3232). The emission spectrum of the QCL contains several modes with a spacing of about 26 GHz as measured with a Fourier transform spectrometer (Bruker model Vertex 80V). The output power of the QCL was 1 mW at a current of 550 mA and a temperature of 45 K. The beam of the QCL was collimated with a lens made from polymethylpentene (TPX © ) and guided through an absorption cell. An off-axis parabolic mirror was used to focus the radiation onto the Schottky diode. The absorption cell was 31 cm long and has 1 mm thick windows made from HDPE. Both were tilted with respect to the optical axis in order to minimize standing waves. The pressure inside the cell was measured with a capacitive manometer. The Schottky diode is made from GaAs and equipped with an open structure corner cube antenna [19] . Fine tuning of the QCL frequency was achieved by tuning the driving current or the heat sink temperature. A maximum tuning range of approximately 3 GHz was obtained for each of the laser modes.
The driving current of the QCL was superimposed with a small sinusoidal current with a modulation frequency up to 50 MHz. using a bias-tee. The modulation current was generated by a LIA (Zurich Instruments model HF2LI). We used modulation amplitudes up to 4 mA corresponding to a frequency modulation of up to 32 MHz, which is nearly equal to the FWHM of the CH 3 OH absorption lines at a pressure of 1 hPa. The signal from the Schottky diode was detected with the same LIA. A computer was used to control the QCL driving current as well as the data acquisition. 
Experimental results
As an example of the spectrum measured with FM spectroscopy at a modulation frequency of 50 MHz, the corresponding in-phase and quadrature signals are shown in Fig. 3 . Three absorption lines are visible in the about 1.5 GHz wide frequency range. The spectrum was measured by tuning the QCL current in steps of 0.5 mA (corresponding to approximately 6 MHz). The absolute frequency calibration was done by a comparison with a CH 3 OH spectrum, which also allows for the determination of the frequency tuning of the QCL which is approximately 8 MHz/mA. Note that the tuning is not perfectly linear if a wide current range is considered. However, for a small current range which covers just a single absorption line the linearity is excellent [11] . The integration time of the LIA was 47 ms for each spectral resolution element, resulting in a total measurement time for the whole frequency range of about 17 s. The frequency tuning rate in terms of current is much higher than the temperatureinduced frequency tuning (~100MHz/K), if a 1.5-GHz wide spectral scan in considered. During one scan the temperature increases by 0.4K. Therefore, it is safe to assume that for a single absorption line the frequency change originates only from the current tuning, while temperature tuning due to heating of the QCL by the current is negligible. For this measurement, the phase at the LIA was set to a value to obtain pure absorption and dispersion signals in the in-phase and quadrature channels, respectively, of the LIA. Fitting Eq. (2) to the measured spectrum of a single absorption line allows for the determination of several characteristic parameters of the QCL and the molecule under investigation. With respect to the QCL, the AM index M and the FM index β can be determined. With respect to the molecule parameters such as, the frequency and the line width of the transition can be determined. Figure 4 shows an absorption line of CH 3 OH measured at a pressure of 1 hPa using FM spectroscopy along with the corresponding fit of Eq. (2). The current amplitude of the modulation was set to 1.6 mA, which translates into a 15 MHz frequency modulation. The phase of the LIA was adjusted in such a way that the absorption and the dispersion contribution to the FM signal appear purely in the in-phase and quadrature signals, respectively. The spacing between the two peaks in the in-phase signal corresponds to 2ω m . The peak occurs, because when increasing the frequency of the QCL the upper FM sideband probes the absorption line first (feature at + 50 MHz in Fig. 4) . The second feature appears at −50 MHz when the lower FM sideband passes the absorption line. The opposite sign of the two peaks is typical for FM modulation (cf. Figure 1 ). The quadrature signal shows the three characteristic features of the dispersion signal of FM [cf. Figure 1(b) ]. The central one appears when the carrier frequency is in resonance with the absorption line, while the other two appear when the upper and the lower sidebands are in resonance.
The spacing of 100 MHz between the main peaks of the in-phase signal can be used to calibrate the frequency-current dependence of the QCL around an absorption line with high accuracy. A limitation is given by the linewidth of the molecular transition. This is illustrated in Fig. 5 , which shows the measured line shapes for different modulation frequencies ranging from 1 up to 50 MHz. Almost no change of the peak position occurs in the lower frequency range up to approximately 10 MHz. Once the modulation frequency is significantly larger than the FWHM of the line, the separation of the two features approaches 2ω m .
The values of M, β, and Ψ are characteristic for a particular type of laser. The fit according to Eq. (2) allows for the determination of the ratio of the amplitude and frequency modulation index M and β, but not of each value separately. The result for the line shown in Fig. 4 is M/β = 0.07 ± 0.03. This demonstrates that FM dominates and AM contributes little to the signal. This is expected because the change of the output power of the QCL is less than 1% for a modulation with 1.6 mA at 540 mA. The FM at 1.6 mA is 15 MHz, which leads to an almost complete modulation of the absorption line, i.e. a change of the transmitted power of about 10% at 1 hPa. Reported ratios for lead-salt laser diodes operating at 8 µm and 10 µm are quite similar with values of 0.12 [15] and 0.07-0.15 [7] .
In order to separately determine M and β, we measured the signal-to-noise ratio (SNR) at the maximum of the absorption line as a function of the FM index β by varying the amplitude of the modulation current from 50 µA to 4 mA. According to the calculation in [7] , Cooper et al. reported that the best sensitivity should be obtained for a frequency modulation index of about 1.15. The optimum value for β depends on M and on the line width of the molecule. In general, it corresponds to an FM of approximately one FWHM. In our experiment, the best SNR at a pressure of 40 Pa and a modulation frequency of 50 MHz was achieved with a current modulation of about 1.8 mA. This implies an FM index β of about 1.15 at 1.8 mA and about 1 at 1.6 mA. From the latter value, we derive an AM index M of about 0.07.
Measurements using various phase settings for the LIA revealed that the FM/AM phase shift Ψ varies between -π and π. This is similar to what has been observed for lead-salt laser diodes [7] , but different from other results, where a constant phase was measured [16, 17] . As another test, we measured the line width of the CH 3 OH line at 3.0752 THz as a function of pressure in the range from 20 to 180 Pa with a modulation frequency of 50 MHz. Figure 6 shows the measured line widths for the in-phase and the quadrature component as a function of pressure. The measurement displays a linear dependence across the whole pressure range. The measured pressure broadening is similar for both channels with an average value of (339 ± 9) kHz/Pa, which agrees well with literature values [12] . The Doppler width determined from the fits is (5.6 ± 0.6) MHz, which is in good agreement with the expected Doppler width of 6.7 MHz. 
Summary and conclusions
In summary, we have realized a THz absorption spectrometer for high-resolution molecular spectroscopy with a frequency-modulated QCL. FM is achieved by superimposing a small AC current on the DC driving current of the laser. Since current modulation also changes the output power of the laser, the signal is not purely frequency modulated, but contains a small contribution from AM. The obtained spectra are well described assuming dominating FM. The observed FM and AM indices β and M confirm that the contribution of AM is rather small with a ratio M/b of approximately 0.07. Finally, we measured the pressure broadening of a rotational transition of CH 3 OH at 3.0752 THz and determined a value of 339 kHz/Pa. This demonstrates that FM is a technique which can be applied to high-resolution THz spectroscopy. In particular, the dispersion of a molecule can be investigated. Further studies have to be carried out in order to determine whether wavelength or frequency modulation is advantageous in terms of sensitivity.
